Let Γ be an undirected graph and G a subgroup of aut (Γ). We denote by d(x, y) the distance between two vertices x and y, by E(Γ) the edge set of Γ, by V(Γ) the vertex set of Γ, by Γ(x) the set of neighbors of the vertex x and by G(x) Γ(x) the permutation group induced by the stabilizer G(x) on Γ(x). For each i e N, let G^x) = {a \ a e G(y) for every y with d(x, y) < ϊ). An s-path is an ordered sequence (x 0 , ••-,#«) of s + 1 vertices x t with x t e jP(Xi_i) for 1 < i < s and ^ ^ x t _ 2 for 2 < i < s. For each vertex x, let W S (JC) be the set of s-paths (x 0 , , x s ) with x = x 0 . We say that the graph Γ is locally (G, s)-transitive if for every vertex x, G(x) acts transitively on W s (x) but not on W s+1 (x) (compare [1] , [11] ). If, in addition, G acts transitively on V(Γ), then Γ is called (G, s)-transitive; otherwise Γ is bipartite with vertex blocks V o and V λ and G acts transitively on both V o and VΊ, assuming that Γ is connected and s > 1. Now let G be a finite group with a (B, iV)-pair whose Weyl group is a dihedral group Z) 2w of order 2n (n > 2) and .Γ be the incidence graph of the associated coset geometry as defined in [3, p. 129 with n = 3 (resp. n = 4, n = 6) and whose generalized n-gon is of order (d 0> di) with d 0 = d x are (essentially) the Chevalley groups A 2 (q) (resp. J3 2 (g)> (tf)) (with q = d 0 ). Let Γ n , q denote the corresponding graph. We prove here the following theorems:
(1.1) Let p be a prime, r and ss N with r > 1 and s > 2 and q = p r . (1.2) Lei Γ, G, etc. be as is (1.1) with q > 3 and s e {4, 5, 7}. In addition, suppose that s Φ 5 i/ q = 3. Lei fr 8fβ = A 2 (g), iί 4^ = B 2 (g), i/ 6 , β = G 2 (g) and G n , a = aut (Γ nt q) = aut(£Γ n , ς ) /or n = 3,4,6; iί n , 9 
Let Γ be a finite undirected connected graph regular of valency q + 1 and G a subgroup of aut (Γ) such that Γ is locally (G, s)-transitive and PSL (2, q) < G(x)
Γ
is io 6e considered as a subgroup of G n>q . Let k = {Λ:,y} 6e an edge of Γ,Δi -{we V(Γ)19(ί, ^) < s -2} /or i -x and y and Δ = Δ x U 4,. ΪTien ίΛere exists a bijective map ψ\ Δ-> V(Γ s _ 1>q ) mapping edges onto edges such that: (a) For i = x and y and for each g e G(ΐ) (resp. g e G(k), where G(k) is the stabilizer in G of the unordered pair {x, y}), there exists a unique element he G s _ hq ((i)φ) (resp. he G s^hq ((k)φ)) such that (w)h -(w)ψ~ιgφ for every w e (Δ t )φ (resp. w e (Δ)φ = V(Γ 9 _ Uq )). (b) For i -x and y and for each h e H s _ 1>q ((i)φ) (resp. h e H s _ 1>q ((k)φ)), there exists a unique element g e G(i) (resp. g e G(k)) such that (w)h = (w)ψ~ιgφ for each w e (Δ^φ (resp. w e (Δ)ψ). In particular, H s _ ι>q ((i)φ) < G(i) < G s _ ltq ((ΐ)φ) for i = x and y and G(k) < G s
In the following theorem, G 4)2 denotes the unique subgroup of aut (Γ 4 , 2 ) s PΓL(2,9) isomorphic to PGL (2, 9 ((k) 
where K is any edge of
In the first part of the proof of (1.1) we show that s < 5 or s e {7,9,13}. Note the remarkable coincidence with the numbers n = 2, 3,4,6,8 and 12 obtained in [3] as the solution to a completely different sort of pϊoblem. To exclude s = 9 when p = 2 and q > 4 we construct a generalized 8-gon of order (q,q), thus obtaining a contradiction from [3] . To proceed in the case q = 3 (mod 4), we require [6,(8.2.11) ] in order to prove that PGL(2, q) < G(x) Γ(x) for some vertex x. In the proof of (1.2) we use the characterizations of the graphs Γ n>q given in [5, Theorem 1.8], [7, Theorem 2] and [12, (4.4) ]. Otherwise, the arguments contained in this paper are elementary and self-contained.
When proving (1.2), we include the case that q = 3 and s -5, making the additional assumption that G(x) Γ(x) = PGL(2, 3) for every vertex x. The conclusion reached is that G 4 , 3 [2] ). Hence we have the following corollary:
For other relevant results consult [4] and [9] where, however, completely different methods are used from those developed here.
2. Proof of (1.1): s e {2, 3, 4, 5, 7, 9,13} Let Γ and G satisfy the hypotheses of (1.1). E W = (x 0 , ••-,*«) is any ί-path (ί arbitrary), we set G(VF) = G(x θ9 .,*,) = G(x Q ) Π Π G(x t ) and G,( W) = G,(xo, ••-,*,) = G<(*o) Π Π φfo) for each i e N. If 6 e G(x), x a vertex, we denote by | &U the order of the permutation that b induces on Γ(x). We will often use integers to denote vertices of Γ. Proof. Clearly all 1-and 2-paths are good, so that we can assume t > 2. Let Wi = (1, , t). By induction, there exists an element b t e G{W^) Π G(t) with \b t \ t = Λ and (p, |6 t |) = 1. For 1 < i < t -1 there exists an element b t eG{W) Π G(i) with 16,1, = /, and (^16,1) = 1. The subgroup <&!, 6ί> contains an element c with cr^c = 6? e G(0). Let a t = 6j and t + 1 be a fixed point of α έ in Γ(t) -{t -1}. For each i with 1 < ί < t -1 there exists an element c t e (b u a t } with a t = c^biCi e G(t + 1). 
, s, y) Π G^y) < Gj^), 2 6 Γ(y) -{s} arbitrary. It should now be clear that A < Gi(l, , s, y, z, , w) for every path (1, , s, y, z 9 , w) of arbitrary length beginning with (1, , s). Since .Γ is connected, it follows that A = 1.
• To prove (1.1), we have only to show now that s < 5 or s = 7. From now on we assume that s > 3.
Proof. By (2.3), G^l, 2) acts semi-regularly on the set of s-paths beginning with (0, , 3) and thus |Gχ(l, 2)||g s~3 . To prove the second claim, we note that G X {1 9 2) < G x (2) <. G(2, 3) and thus G x (l, 2)
Proof. Let x x and x 2 be any two vertices in Γ(t) -{t -1}. There exists an element a t e G(0, , t,x t ) Π G(t) with |σ f |ί = f t (i = 1, 2). If f t Φ 1, the commutator group <α 1? α 2 > r < G(0, , t) of <α b α 2 > < G(0, , έ)> therefore any p-Sylow group of (a u a 2 }' and therefore Gi(l, , t -1) act transitively on Γ(t) -{t -1}. If f t = 1, then q < 3 so that Gχ(l, , t-ΐ) e Sylp (G(0, ••-,£)) and the claim follows directly from the fact that G(0, ...,*) acts transitively on Γ(t) -{t -1}. D From now on, we set m = (s/2) -1 when s is even and m = (s -3)/2 when s is odd.
Thus 6 e Gi(l) and similarly, 6 e G^O). Since G x (0,1) Π G(0, , s -1) = 1, there exists axi n<s such that be G(0, -, ή) -G(n + 1). By (2.5), there exists a nontrivial element a e Gi(l, , s -2) < O^GίO, 1)). Since b e ZO P (G(0,1) ), we have a e G x (s -2, s -3, , n, (n + 1)6, , (s -2)6). By (2.3), the length of the path (s -2, s -3, -,n,(n + 1)6, , (s -2)6) is at most 5 -3. Therefore
and G operates intransitively on the vertex set V(Γ).
Proof. We assume first that there exists an element 6 6 ZO P (G(0,1))
) because of (2.6). Since s ^ {2, 3, 4, 5, 7}, the length of (-m + 2, • , 2m) is at least s -2. By (2.3), it follows that [6, ZO p 
On the other hand, if ,1) ) <L G(0,1) and G(0,1) acts transitively on the set of (m + l)-paths beginning with (0,1).
, we have 2m < s -3 so that s is odd and G m+1 (0) Π G x (m + 1) = 1. If G contains an element c which exchanges 0 and 1, then
Proof. We may assume that s is odd, s > 9 and G m+1 (0) =£ 1. Since , 2m) -Gχ(2m + 1), we have 3m -2 < s -3, hence s < 7. Therefore SΞI (mod 4). It follows that G w+1 (m + 3) Φ 1 and thus [c, G w+1 (m + 3)] < G λ (-m + 4, • , 2m -1) -G^m) so that 3/n -5 < s -3, hence s < 13.
• Before going on to § 3, we prove more lemmas needed later.
It remains only to show that G m+1 (u) Φ 1 for u = 0 or 1. Thus we suppose instead that G w+ i(x) = 1 for every vertex x. By (2.7), s = 5 or 7. Proo/. We may suppose that q Φ 2. Let ^ and x 2 be any two vertices in Γ(s -1) -{s -2, s}. By (2.5), there exists for Proof. We first suppose that we can choose u e {0,1} such that f u is even. The reader should check the following simple fact: (*) Let q -1 = 2 k w with w odd. If σ is an arbitrary element in the stabilizer PΓL(2, q)^ of oo e PG(1, q) but not in PGL(2, q) whose order is a power of two, then \σ\\2 k and either k = 2, M = 4 and <y 2 e PGL(2, ρ) or fe > 3 and <7 2 *" 2 6 PGL(2, q).
We choose an odd neN such that | Λ tt \/n is a power of two. It follows from (*) that h n /« /2 or htf e G(W) -{1}. It remains to show that f u is even for u = 0 or 1. To show this, it will be necessary to make only a few minor changes in the proof of [8, (6. 3)]: Suppose that both f 0 and f x are odd. Then q = 3 (mod 4), G(u) Γ(u) PSL(2, q) for u = 0 and 1 and |G(0,1)| is odd. Thus a 2-Sylow group of G(u) is isomorphic to a 2-Sylow group of PSL (2, q) , so that G(u) is Testable for w = 0 and 1 (see [6, (2.8 
.3), (8.1.2)]). Let u = 0 or 1 and C = CG { U)(O P (G(U))), the centralizer of O p (G(u)) in G(w), and ce C. Let w e Γ(w). Since G^u, w) < O p (G(u)), we have G^w, w) = G λ (u, (w)c)
. By (2.5) and the hypothesis s > 4, G^w, κ;) ^ G^z) for 2 e Γ(u) -{w;}. Therefore c e Gi(w), since ^ was arbitrary. Now let z and w be any two neighbors of u. Since G^w, ^)
). Therefore we can find elements d e G γ {u, w) and e e G γ {u, z) such that cd = e and thus c = ed
Let SeSyl p (G(0)). By [6,(8.2 
.11)], we have J(S)<LG(0).
We may assume that S < G(l) and thus S e Syl p (G(l)). Therefore J(S) <. <G(0), G(l)>. Since Γ is connected, <G(0), G(l)> acts transitively on the set of edges of Γ and thus J(S) = 1, a contradiction. • (6) , G 4 (8)] = [G 4 (6) , G x (4, , 10)] = 1, the claim follows, d) is now clear.
•
We now suppose that p Φ 2. By (2,11), G(W) contains an involution a. Let ζ(i) = (-l) |α ' ί+1 for each /.
(3.2) For every even ί: (10) 10 and therefore |α| β = g -l||α| 9 . It follows that \a\ 9 = q -1 and similarly |α| 7 = g -1. Thus the claim is proven for i even.
Let c be an element in G x (2) Π G(2, , 10) Π G^IO) with \c\ t -q -1 for 3 < £ < 9. We can choose c such that d = ace G 6 10 ] = 6 6 6 7 6 8 and so bξ% e G 4 (6) Π G x (10) = 1, thus |d| 10 = q -l||d| β = |d| 8 .
Finally, let 6, with 7 < £ < 11 be as in (3. We are now in a position to obtain a contradiction by constructing a generalized 8-gon of order (q, q). We will save space, however, by postponing this until later, where we include it as one case in the construction crucial to the proof of (1.2).
The case s = 13
This time we suppose first that p = 2. If b Q e G 6 (0)* and 6 10 Proof. We leave a) and b) to the reader and turn to part c). Since [Gχ (4, , 14) , G 6 (12)] = 1 and G 6 (12) acts transitively on Γ(6) -{7}, we have GX4, , 14) < G 2 (6) . Thus [6 0 , 6 9 ] e G^l, , 7) -G^O). There exist b 2 e G t (-3, , 7) and b 6 e G^l, , 11)* such that [6 0 (6) , 6^( (x) for every xe V(Σ) and J is locally (S, ^-transitive. We may thus conclude that (q -ΐ)/(q -1, 3) divides 1(^(1) Π S(3) (Ί S(5)) J(3) | from the very theorem (i.e., (1.2)) we are busy proving, paying attention that we never use the case s = 7 in the proof of the case s -4. This contradicts the assumption that H < G x (3) as in the case s = 5 if^4
Proof of (1.2): Preliminaries
. In particular, f t > 1 for every £ and thus (ί)g = i + 2 for every i. Exactly as in the case s = 5, we can find an element ce H and an integer j such that c j g~ιcg € G0) ΓΊ G( W)* (if g =£ 4). Thus we can proceed as before. , y l9 u + s -1, u + s, , u + 2(s -1)) whose only fixed point in Γ(JV) -{y^} is 3> ϋ+ i. Thus y Ό+1 = y ϋ+1 . Using (5.1), we can then conclude that y t = y' t for 1; + 2 < i < s -1.
If g = 4 and s = 7, we may assume that , y 29 y l9 u + 6, u + 7, , u + 12) is a good 12-path in Γ.
Proof of (1.2): The construction
We assume that q Φ 2, f x = 2 for every vertex Λ; when s = 5 and q -3 and s e {4, 5, 7} or s = 9 and p = 2. For each ί e N and each vertex x, let Γ*(x) = {y\d(x,y) < £}• We point out that the girth of Γ is at least 2(s -1) (see, for instance, [10, p. 61] ). Let F = Γ s _ 2 (0) U Λ_ 2 (l) and Π be the undirected graph with vertex set V(Π) = F and {x, y) e E(Π) iff x or y or both are in Γ s _ 3 (0) U Γ s _ 3 (ϊ) and x e Γ(y) or there exists a good (2s -3)-path (x 0 , , x 2s _ 3 ) with x s _ 2 = 0, x s _i = 1 and either x 0 = x and % 2s _ z = 3/ or x 0 = y and x 2s _ 3 = x. By (2.2), 77 is regular of valency q + 1. Let P = aut (77).
Let a be any element in G(l) -G(0). We define a permutation a of F as follows: If x e Γ,_ 2 (l), we set (x)α -(x)ά. If x e F -Γ s _ 2 (l), we set (x)α = (x 2(s -i))α, where (x o , , x 2(s -i)) is the uniquely determined 2(5 -1)-path with x 0 = x, x s _ 2 = 0, x s _! = 1 and x s = (O)α" 1 . It is straightforward to check, using (5.2), that a is an element of P. Thus P(l) £ P(0). Similarly, P(0) £ P(l).
If a e G({0,1}), then clearly the permutation which a induces on F is an element of P. Since, for u = 0 and 1, P(ύ) £ P(l -u), it follows that P(u) acts transitively on Π(u). Since Π is connected, P acts transitively on E(Π). Thus the girth of Π is 2(5 -1) and Π is the incidence graph of a generalized (s -l)-gon of order (q, q). By [3] , s e {4, 5, 7}. Since, by (2.5) and (2.9), P contains sufficiently many "generalized elations", it follows from [5 Let u = 0 or 1. We have seen that for each a e G(u) there exists an element a e P(u) such that a and α agree on Γ s _ 2 (u). The map τ mapping a onto a is an injective homomorphism from G(u) into P(u). 
Proof of (1.3)
When q = 2, we are in the unfortunate situation that every path is a good path, so that the construction used in the proof of (1.2) does not work. We leave undecided the question whether (1. induces an isomorphism from J λ onto </ 0 . Thus the structure of G (4) is uniquely determined.
